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An example

Computing the zeros of

{fl =21+ Xy — 2179 — 1 = Ny(9;,9)

fo = (2129)% + 2129 = holgy, 95)

=z, hy =y —ys—1
with {91 1 2 and { 1 y; Yo
9o = Ty hy =y5+ys

F=H(G =H-G

this type of equations appears frequenly in
o invariant theory (e.g., symmetric groups),
o cryptology,

© decoupling problem, ...
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Our problem and the main result

Given: polynomials F' = (f,,.... [,), H = (hy,...,h,) and G = (¢, ..., g,,) St
F=H(G)=H-G

Solve: F'(zq,...,x,,) =0
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Our problem and the main result

Given: polynomials F' = (f,,.... [,), H = (hy,...,h,) and G = (¢, ..., g,,) St
F=H(G)=H-G

Solve: F'(zq,...,x,,) =0

There exists a randomized of Monte Carlo type algorithm to compute a
parametrization of the isolated points of F' = 0 with the complexity

((Lg + Lg)nCD)OM

operations in Q. Moreover, the number of points we have to compute is
bounded by ' - D.

o Ly, Lg: the sizes of straight-line programs of H and G
o C =deg(hy)--deg(h,)
o D = deg(g,) - deg(g,)
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What do we mean by solving?

(Given a system F' = (f1s-y [n) in Qxq, ..., x,]. A univariate representation of )
the isolated point set Z C C™ of F' = 0 are given by

o (n+ 1) univariate polynomials (g, vy,...,v,)) in Q[T] s.t. ¢ is square-free,
deg(q) = [Z], deg(v;) < deg(q) and

9(T) =0, = =v(T), ...z, =0, (T)

n
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What do we mean by solving?

(Given a system F' = (f1s-y [n) in Qxq, ..., x,]. A univariate representation of )
the isolated point set Z C C™ of F' = 0 are given by

o (n+ 1) univariate polynomials (g, vy,...,v,)) in Q[T] s.t. ¢ is square-free,
deg(q) = [Z], deg(v;) < deg(q) and

9(T) =0, = =v(T), ...z, =0, (T)

n

\. J

L _ 2.2
Example: f; =2, + vy — 2,29 — 1 and fy, = {25 + 2,2,
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What do we mean by solving?

(Given a system F' = (f1s-y [n) in Qxq, ..., x,]. A univariate representation of )
the isolated point set Z C C™ of F' = 0 are given by

o (n+ 1) univariate polynomials (g, vy,...,v,)) in Q[T] s.t. ¢ is square-free,
deg(q) = [Z], deg(v;) < deg(q) and

9(T) =0, = =v(T), ...z, =0, (T)

n

\. J

Example: f; = v, + 1y — 2,75 — 1 and fy = 2323 + 2,24
o the solutions of f; = fy, =0 are

<x17x2> € {(1771)7 (170>7 (717 1)7 (O’ 1)}
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(Given a system F' = (f1s-y [n) in Qxq, ..., x,]. A univariate representation of )
the isolated point set Z C C™ of F' = 0 are given by

o (n+ 1) univariate polynomials (g, vy,...,v,)) in Q[T] s.t. ¢ is square-free,
deg(q) = [Z], deg(v;) < deg(q) and

9(T) =0, = =v(T), ...z, =0, (T)

n

\. J

Example: f; = v, + 1y — 2,75 — 1 and fy = 2323 + 2,24
o the solutions of f; = fy, =0 are
<1‘1,x2) € {(17 71)7 (17 0)7 (717 1)7 (Oa 1)}

© a representation for zeros of f; = f, = 0O:

v (T) =213 - 272217 4 18
q(T)=T*—4T% —T? + 16T — 12 =0,

v(T)=—&T3+ 312+ 8178
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What do we mean by solving?

(Given a system F' = (f1s-y [n) in Qxq, ..., x,]. A univariate representation of )
the isolated point set Z C C™ of F' = 0 are given by

o (n+ 1) univariate polynomials (g, vy,...,v,)) in Q[T] s.t. ¢ is square-free,
deg(q) = [Z], deg(v;) < deg(q) and

9(T) =0, = =v(T), ...z, =0, (T)

n

\. J

Example: f; = v, + 1y — 2,75 — 1 and fy = 2323 + 2,24
o the solutions of f; = fy, =0 are
<1‘1,x2) € {(17 71)7 (17 0)7 (717 1)7 (Oa 1)}

© a representation for zeros of f; = f, = 0O:

v (T) =213 - 272217 4 18
q(T)=T*—4T% —T? + 16T — 12 =0,

vw(T)=-2T3+ 312+ 317§

5

o q(T) =0 has 4 solutions T' € {—2,1,2,3}.

3/12



Solving F=H-G=H(G)=0

fl :hl(gl(xl?'“7xn)7"'7gn(x1a'“7xn))

fn :hn(gl<$1""’:En)""Vgn(xlv“'axn))

A very first naive try: solving F' = 0 directly
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Solving F=H-G=H(G)=0

fi =h(g(zq, e sp)y ooy g (@, .o

fn =ho(g1(@q,ey2,,), ey G (T, -

A very first naive try: solving F' = 0 directly, but
© the complexity depends on the Bézout bound

© in many cases, is not a good bound

4/12



Solving F=H-G=H(G)=0

fl :hl(gl(xl7"'7xn)7"'7gn<x1a"'7xn))

fn :hn(gl<x1""’:En)""?gn(xlv'“axn))

A very first naive try: solving F' = 0 directly, but
© the complexity depends on the Bézout bound

© in many cases, is not a good bound

With f, = 2, + 29 — 1129 — 1 and f, = 2222 + 22, f; = f, =0 has 4
solutions and
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Solving F=H-G=H(G)=0

fi =h(g(zq,esy)y ey gp (T, s 2,))

fn :hn(gl<$1""’xn>""79n(xla"'axn))

A very first naive try: solving F' = 0 directly, but
© the complexity depends on the Bézout bound

© in many cases, is not a good bound

¢ not taking the composable structure
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Solving F=H-G=H(G)=0

fi =h(g(zq,esy)y ey gp (T, s 2,))

fn = hn(gl(xl’ ,$n>, 7gn(xlv ,.’En))

A very first naive try: solving F' = 0 directly, but
o the complexity depends on the Bézout bound N = deg(f,) - deg(f,)

¢ in many cases, / is not a good bound

¢ not taking the composable structure

Our very natural try: decomposing using new variables (v, ...,,)

H(yy,...,y,) =0

F(zyy...,z,) =0<
G(xyyeyz,) =Y
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H(yla'“)yn) =0

F(zyy...,x,) =0<
(=2 n) {G(:cl,...,:cn) =Y

The Simpler Step - Solving
h’l(yla 7yn) == hn(yl? 7yn) =0
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© using symbolic homotopy techniques
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H(y17'~'7yn) =0

F(zyy...,x,) =0<
(=2 n) {G(xl,...,xn) =Y

The Simpler Step - Solving
hl(yla ﬂyn) == hn(yl? 7yn) =0

© using symbolic homotopy techniques
o this gives a univariate repr. (q,(T),v(T),...,v,,(T)) of H(Y) =0, i.e.,
yr =u(T)
an(T) =0, : with deg(v;) < deg(q,) < C
Y = Un(T)
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H(y17'~~7yn) =0

F(zq,...,z,) =0<
G(zyy..,z,) =Y

The Simpler Step - Solving
hl(yla ﬂyn) == hn(yl? ’yn) =0

© using symbolic homotopy techniques
o this gives a univariate repr. (q,(T),v(T),...,v,,(T)) of H(Y) =0, i.e.,
vy = (1)
a,(T) =0, : with deg(v;) < deg(q,) <C
Yo = 0,(T)
The More Challenging Step - Solving
91(@y, ., x,)  =vi(T)

gn(x17"'7xn) :vn(T)
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H(y17'~~7yn) =0

F(zyy...,x,) =0<
(o1 n) {G(xl,...,xn) =Y

The Simpler Step - Solving
hl(yla ﬂyn) == hn(yl? ’yn) =0

© using symbolic homotopy techniques
o this gives a univariate repr. (q,(T),v(T),...,v,,(T)) of H(Y) =0, i.e.,

v =v(T)
q,(T) =0, : with deg(v;) < deg(g,) < C
Yn = Un(T)
The More Challenging Step - Solving o ignoring g, (T') and studying

91(@y, ., x,)  =vi(T) g1,y x,) —v(T) =0

In(@1, s ) = vp(T) I (Tyseeyxy) —v,(T) =0
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Solving: g1 (21, ..., x,) —v1(T) = =g, (1, ...,x,) —v,(T) =0

rrn

Step 1: Computing a univar. repr. q(U),w,(U),...,w,(U) of G(X) —v(0) =0

qU)=0, 2y =w(U),...,x,, = w,(U), G(w)—v(0) =0 mod ¢(U)

n

//* symbolic homotopy techniques
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Solving: g1 (21, ..., x,) —v1(T) = =g, (1, ...,x,) —v,(T) =0

rn

rStep 1: Computing a univar. repr. q(U),w;(U),...,w,(U) of G(X) —v(0) =0

qU)=0, 2y =w(U),...,x,, = w,(U), G(w)—v(0) =0 mod ¢(U)

n

//* symbolic homotopy techniques

Step 2: Lifting this univar. repr. to a representation

(Q(UvT)v Wl(U7T)7 et Wn(U’T))a

| upto degree ¢, for "symbolic” variable T'

~

z, =Wy (U,T)
QU,T)=0, . G(W)—v(T)=0mod (T°,Q(U,T)) (6 €N.,)
z, =W, (U,T)

n
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Solving: g1 (21, ..., x,) —v1(T) = =g, (1, ...,x,) —v,(T) =0

rn

rStep 1: Computing a univar. repr. q(U),w;(U),...,w,(U) of G(X) —v(0) =0

qU)=0, 2y =w(U),...,x,, = w,(U), G(w)—v(0) =0 mod ¢(U)

n

//* symbolic homotopy techniques

Step 2: Lifting this univar. repr. to a representation

(Q(UvT)v Wl(U7T)7 et Wn(U’T))a

| upto degree ¢, for "symbolic” variable T'

~

z, =Wy (U,T)
QU,T)=0, . G(W)—v(T)=0mod (T°,Q(U,T)) (6 €N.,)
z, =W, (U,T)

n

In particular, Q(U,0) = q(U), W, (U,0) = w,(U),..., W, (U,0) = w,, (U)
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SOlVing: gl(wlv R ‘Ln) - Ul(T) == gn(wlv ey ‘Ln) - /U’IL(T) =0

D

Step 1: Computing a univar. repr. q(U),wy(U),...,w,(U) of G(X)—v(0) =0
qU)=0, 2y =w(U),...,x,, = w,(U), G(w)—v(0) =0 mod ¢(U)

Step 2 Lifting:
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SOlVing: gl(wlv R ‘Ln) - Ul(T) == gn(wlv ey ‘Ln) - /U’IL(T) =0

D

Step 1: Computing a univar. repr. q(U),w(U),...,w,(U) of G(X) —v(0) =0
AU) =0, 2y = w0, (U), ..., = w,(U), Glw) —v(0) = 0 mod q(U)
Step 2 Lifting:
o ¢ = G(X) —v(T)
file!

o Wew, Q+q, k<0, J« 5% //* Initialize
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SOlVing: gl(wlv R IL'”) C (T> == gn(wlv ,LL'”) - /U'n,(T) =0

~

(Step 1: Computing a univar. repr. q(U),w(U),...,w,(U) of G(X) —v(0) =0
qU)=0, 2y =w(U),...,x,, = w,(U), G(w)—v(0) =0 mod ¢(U)

Step 2 Lifting:
o €= G(X)—v(T)

o Wew, Q«q k+0,J« & //* Initialize
< while k < ¢ do: //* Update (Q,V)
W« W — J(W)"I¢(W) mod (TF, Q)
A — )\(W) —-U //* X: a linear form in X

W+ W — (2% . A mod (TF,Q))
Q« Q—(52-A mod (TF,Q))
k « 2k

o end while

| o return (Q,W)
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SOlVing: gl(wlv R IL'”) - Ul(T> == gn(wlv ,ZL'”) - /U'n,(T) =0

~

(Step 1: Computing a univar. repr. q(U),w(U),...,w,(U) of G(X) —v(0) =0

qU)=0, 2y =w(U),...,x,, = w,(U), G(w)—v(0) =0 mod ¢(U)

Step 2 Lifting:
o €= G(X)—v(T)

o Wew, Q«q k+0,J« & //% Initialize
< while k < ¢ do: //* Update (Q,V)
W e W — J(W)-1¢(W) mod (T*,Q)
A A\W)-U //* X: a linear form in X

W+ W — (2% . A mod (TF,Q))
Q« Q—(52-A mod (TF,Q))
k < 2k

< end while
| o return (Q,W)

v

Requirement: Jacobian matrix J of G w.r.t X is invertible at w mod ¢(U)
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Solving: gy (2, ...,x,) — v (T) = -

=g, (1, ...

axn) - Un(T) =0

Step 0: random shift 7" := T+s;, 5, € Q
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SOlVing: gl('Tl? ) xn) - Ul(T) == g’n,(mlﬁ ?'Tn) - vn,(T) =0

(Step 0: random shift T := T+sy,50 € Q

Step 1’: Computing a univar. repr. q(U),w,(U),...,w, (U)

qU)=0, 2y =wy(U),...,z, = w,(U), G(w) —v(0+s,) =0 mod ¢(U)

n

Step 2: Lifting this univar. repr. to a representation

(Q(U7T>, Wl(UvT)a [N Wn(UaT))7

 upto degree 0, for "symbolic” variable T’
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Solving: g1 (21, ..., x,) —v1(T) = =g, (1, ...,x,) —v,(T) =0

rn

(Step 0: random shift T := T+sy,50 € Q

Step 1’: Computing a univar. repr. q(U),w,(U),...,w, (U)

qU)=0, 2y =wy(U),...,z, = w,(U), G(w) —v(0+s,) =0 mod ¢(U)

n
Step 2: Lifting this univar. repr. to a representation

(Q(U7T>, Wl(UvT)a [N Wn(UaT))7

upto degree 9§, for "symbolic” variable T’

Step 3: Shift back

.
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A summary - Roadmap to Solve: F = H(G) —H-G=0
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A summary - Roadmap to Solve: F = H(G) —H-G=0

Compute a univ. repr.
qh(T)vvl(T)’ 7Un(T) of
hl(yla"'ayn) =0

hn(yla"'ayn) =0
O (n(Ly, +n*)CE)
C = deg(hy) -+~ deg(h,,)
E = (deg(hy) + 1)~ (deg(h,) + 1)
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A summary - Roadmap to Solve: F = H(G) —H-G=0

Compute a univ. repr.
q,(T),v,(T), ..., v, (T) of
hl(yla"'ayn) =0

hn(yla"'ayn) =0
O (n(L;, +n?)CE)
C = deg(hy) -+~ deg(h,,)
E = (deg(hy) + 1) (deg(h,) + 1)

Compute a bivar. repr.
QU,T),w,(U,T),...,W,(U,T) of
gl<$1,...,$n)—U1(T) =0

gn(xlv"'vxn)_vn(T) =0
O (n(L, +n*)DJ)
D = deg(g;) -~ deg(g,,)
J = (deg(g,) + 1) - (deg(g,,) + 1)
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A summary - Roadmap to Solve: F = H(G) —H-G=0

Compute a univ. repr. Compute a bivar. repr.
q,(T),v(T),...,v,(T) of QU,T),w,(U,T),...,W,(U,T) of
hl(yla"'ayn) =0 gl<$1,...,$n)—U1(T) =0
R (Yps ooy Yp) =0 g (@, .y z,) —v,(T) =0
O (n(Ly, +n*)CE) O (n(L, +n*)DJ)
C = deg(hy) -+ deg(h,,) D = deg(g,) - deg(g,,)
E = (deg(hy) + 1) (deg(h,) + 1) J = (deg(gy) +1) -+ (deg(g,,) + 1)
<> bivariate representation of F' = 0: O"(n(Ly, + L, +n*)max(C E, D J))

z, =Wy (U,T)
Qh<T) =0, Q(U’ T) =0, :
=W,(U,T)

L

9/12



~» bivariate representation of F' = 0: O (n(Ly, + L, +n*)max(C E, D J))
z, =W, (U.T)

qh(T) =0, Q<U7T> =0,

z, =W,(U,T)

~» find a univariate representation (I'(S), v, (S), ..., 7,(9)) of F' =07
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~» bivariate representation of F' = 0: O (n(Ly, + L, +n*)max(C E, D J))
z, =W, (U.T)

qh(T) =0, Q<U7T> =0, { :
z, =W, (U,T)

~» find a univariate representation (I'(S), v, (S), ..., 7,(9)) of F' =07 o7 (CD)

o compute a univ. repr. (I'(S),£(S),7(S)) of ¢,(T) = Q(U,T) =0, i.e.,

F(&O’{U =£(9)
T =7(5)

o 71(8) = Wi(&(5),7(5)), -, 1 (S) = W, (6(5), 7(S5))
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An example f, = h,(g;,9,) and f, = hy(g;,95)

Solve FF = H o G: System H: System G:

{h1 =Y — Yo {91 =z +xy—1
hy =u3+Y, Jo = T1Tg

11/ 12



An example f, = h,(g;,9,) and f, = hy(g;,95)

Solve FF = H o G: System H: System G:
{h1 =Y — Y {91 =zt —1
hy =93+ s 92 =TTy
© a univariate repr. of h; = hy = 0:

qh(T):T2+T7 /Ul<T>:T+17 U2<T>:T
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An example f, = h,(g;,9,) and f, = hy(g;,95)

Solve FF = H o G: System H: System G:
{h1 =Y — Y {91 =zt —1
hy =93+ s 92 =TTy
© a univariate repr. of h; = hy = 0:

qh(T):T2+T7 /Ul<T>:T+17 U2<T>:T
© a bivariate repr. of g;(z1,25) —v1(T) = go(x1,25) — v9(T) = 0:
QU,T)=U?— (4T + 4)U + (3T% + 10T + 3)
Wy (U, T)=3—-Y+3 and Wo(U,T)=-4+Y—

S|
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An example f, = h,(g;,9,) and f, = hy(g;,95)

Solve FF = H o G: System H: System G:
{h1 =Y — Y {91 =zt —1
hy =93+ s 92 =TTy
© a univariate repr. of h; = hy = 0:

qh(T):T2+T7 /Ul<T>:T+17 U2<T>:T

© a bivariate repr. of gy (2, xy) — v (T) = go(xy, Ty) — vo(T) = 0:
QU,T)=U?— (4T + 4)U + (3T% + 10T + 3)
Wy (U, T)=3-Y +3 and WU, T)=-1+Y-T

o (QU,T),W(U,T),Wy(U,T)) is a bivariate repr. of F =0
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An example f, = h,(g;,9,) and f, = hy(g;,95)

Solve FF = H o G: System H: System G:
{h1 =Y — Yo {91 =z +xy—1
hy =u3+Y, Jo = T1Tg

© a univariate repr. of h; = hy = 0:
qh(T):T2+T7 /Ul<T>:T+17 U2<T>:T

© a bivariate repr. of gy (2, xy) — v (T) = go(xy, Ty) — vo(T) = 0:
QU,T)=U?— (4T + 4)U + (3T% + 10T + 3)
WU, T)=3-Y+3and Wo(U,T)=—5+5—

S|

o (QU,T),W(U,T),Wy(U,T)) is a bivariate repr. of F =0

© a univariate repr. of Q(U,T) = q,(T) = 0:
I(S)=5%—-483—-52+16S —12
£S)=5, 7(8)={5%—FS*-185-3
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An example f, =h,(g,,9,) a = hy(91, 99)

Solve FF = H o G: System H: System G:
{.f| =T + 2y — 225 — 1 hy =y =y 91 =T +x—1
fo T3 + T Ty hy =95+ 92 = T1Ty

© a univariate repr. of h; = hy = 0:
qh(T):T2+T7 /Ul(T>:T+17 U2<T>:T

© a bivariate repr. of g;(x1,25) — v1(T) = gy(x1, 25) — vo(T) = 0:
QU,T)=U?— (AT + 1)U + (372 + 10T + 3)
Wy(U,T)=3 - Y+ 3 and W,(U,T)=—-4+Y

S

o (QU,T),W(U,T),Wy(U,T)) is a bivariate repr. of F =0
© a univariate repr. of Q(U,T) = q,(T) = 0:
r(S)=5%-483%—-52+16S—12
£S)=5, 7(8)=19-%s?- {853
© a univariate repr. of f; = fy = 0:
I(S)=8*—48%— 52 +168 —12,7,(S) = W (&(S), 7(S)) = 253 — 582 — 25+ 18 and
Y2(8) = Wa(&(S), 7(8)) = —F % + 552+ 85— ¢
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Summary and Todo List

Done: a polynomial time (in the sizes of the input and the output) algorithm to
compute a zero-dimensional parametrization of a system composable polynomials

fl = hl(gl7 7gn)? 7fn = hn(gl7 7gn)
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Summary and Todo List

Done: a polynomial time (in the sizes of the input and the output) algorithm to
compute a zero-dimensional parametrization of a system composable polynomials

fl = hl(gl7 ?gn)? 7fn = hn(gl7 7gn)

Todo:

o exploiting the sparsity

o real solutions (emptiness, connectivity of real algebraic sets, ..)

o functional decomposition of polynomials
o [Giesbrecht et al, ISSAC 2026 | for univariate sparse polynomials (Mark's talk

this afternoon)
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Done: a polynomial time (in the sizes of the input and the output) algorithm to
compute a zero-dimensional parametrization of a system composable polynomials

fl = hl(gl7 ?gn)? 7fn = hn(gl7 7gn)

Todo:

o exploiting the sparsity
o real solutions (emptiness, connectivity of real algebraic sets, ..)

o functional decomposition of polynomials

o [Giesbrecht et al, ISSAC 2026 | for univariate sparse polynomials (Mark's talk
this afternoon)

© implementations

o use Straight-Line Programs (a recent developed library by [van der Hoeven
and Lecerf, 2026])
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