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An example

Computing the zeros of

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1 = 0
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2 = 0

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = (𝑥1𝑥2)2 + 𝑥1𝑥2
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2 + 𝑦2

𝑭 = 𝑯(𝑮) = 𝑯 ∘ 𝑮
this type of equations appears frequenly in

⋄ invariant theory (e.g., symmetric groups),
⋄ cryptology,
⋄ decoupling problem, …
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Our problem and the main result
Given: polynomials 𝑭 = (𝑓1, … , 𝑓𝑛), 𝑯 = (ℎ1, … , ℎ𝑛) and 𝑮 = (𝑔1, … , 𝑔𝑛) s.t

𝑭 = 𝑯(𝑮) = 𝑯 ∘ 𝑮

Solve: 𝑭 (𝑥1, … , 𝑥𝑛) = 0

Theorem

There exists a randomized of Monte Carlo type algorithm to compute a
parametrization of the isolated points of 𝑭 = 0 with the complexity

((𝐿𝐻 + 𝐿𝐺)𝑛𝐶𝐷)𝑂(1)

operations in ℚ. Moreover, the number of points we have to compute is
bounded by 𝐶 ⋅ 𝐷.

⋄ 𝐿𝐻 , 𝐿𝐺: the sizes of straight-line programs of 𝐻 and 𝐺
⋄ 𝐶 = deg(ℎ1) ⋯ deg(ℎ𝑛)
⋄ 𝐷 = deg(𝑔1) ⋯ deg(𝑔𝑛)
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What do we mean by solving?

Given a system 𝑭 = (𝑓1, … , 𝑓𝑛) in ℚ[𝑥1, … , 𝑥𝑛]. A univariate representation of
the isolated point set 𝑍 ⊂ ℂ𝑛 of 𝑭 = 0 are given by

⋄ (𝑛 + 1) univariate polynomials (𝑞, 𝑣1, … , 𝑣𝑛)) in ℚ[𝑇 ] s.t. 𝑞 is square-free,
deg(𝑞) = |𝑍|, deg(𝑣𝑖) < deg(𝑞) and

𝑞(𝑇 ) = 0, 𝑥1 = 𝑣1(𝑇 ), … , 𝑥𝑛 = 𝑣𝑛(𝑇 )

Example: 𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1 and 𝑓2 = 𝑥2
1𝑥2

2 + 𝑥1𝑥2

⋄ the solutions of 𝑓1 = 𝑓2 = 0 are
(𝑥1, 𝑥2) ∈ {(1, −1), (1, 0), (−1, 1), (0, 1)}

⋄ a representation for zeros of 𝑓1 = 𝑓2 = 0:

𝑞(𝑇 ) = 𝑇 4 − 4𝑇 3 − 𝑇 2 + 16𝑇 − 12 = 0,
⎧{
⎨{⎩

𝑣1(𝑇 ) = 2
5 𝑇 3 − 9

10 𝑇 2 − 21
10 𝑇 + 18

5 ,

𝑣2(𝑇 ) = − 2
15 𝑇 3 + 3

10 𝑇 2 + 31
30 𝑇 − 6

5

⋄ 𝑞(𝑇 ) = 0 has 4 solutions 𝑇 ∈ {−2, 1, 2, 3}.
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Solving 𝑭 = 𝑯 ∘ 𝑮 = 𝑯(𝑮) = 𝟎

⎧{{
⎨{{⎩

𝑓1 = ℎ1(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))
⋮

𝑓𝑛 = ℎ𝑛(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))

A very first naive try: solving 𝑭 = 0 directly
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⋄ in many cases, 𝑀 is not a good bound
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Example

With 𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1 and 𝑓2 = 𝑥2
1𝑥2

2 + 𝑥1𝑥2, 𝑓1 = 𝑓2 = 0 has 4
solutions and 𝑀 = deg(𝑓1) ⋅ deg(𝑓2) = 2 ⋅ 4 = 8
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𝑭 (𝑥1, … , 𝑥𝑛) = 0 ⇔ {𝑯(𝑦1, … , 𝑦𝑛) = 0
𝑮(𝑥1, … , 𝑥𝑛) = 𝒀

The Simpler Step - Solving
ℎ1(𝑦1, … , 𝑦𝑛) = ⋯ = ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0

⋄ using symbolic homotopy techniques
⋄ this gives a univariate repr. (𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 )) of 𝑯(𝒀 ) = 0, i.e.,

𝑞ℎ(𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑦1 = 𝑣1(𝑇 )
⋮

𝑦𝑛 = 𝑣𝑛(𝑇 )
with deg(𝑣𝑖) < deg(𝑞ℎ) ≤ 𝐶
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The More Challenging Step - Solving
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⎨{{⎩
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⋮
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𝑭 (𝑥1, … , 𝑥𝑛) = 0 ⇔ {𝑯(𝑦1, … , 𝑦𝑛) = 0
𝑮(𝑥1, … , 𝑥𝑛) = 𝒀

The Simpler Step - Solving
ℎ1(𝑦1, … , 𝑦𝑛) = ⋯ = ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0

⋄ using symbolic homotopy techniques
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𝑮(𝑥1, … , 𝑥𝑛) = 𝒀

The Simpler Step - Solving
ℎ1(𝑦1, … , 𝑦𝑛) = ⋯ = ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0

⋄ using symbolic homotopy techniques
⋄ this gives a univariate repr. (𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 )) of 𝑯(𝒀 ) = 0, i.e.,

𝑞ℎ(𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑦1 = 𝑣1(𝑇 )
⋮
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𝑞ℎ(𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑔1(𝑥1, … , 𝑥𝑛) = 𝑣1(𝑇 )
⋮

𝑔𝑛(𝑥1, … , 𝑥𝑛) = 𝑣𝑛(𝑇 )

⋄ ignoring 𝑞ℎ(𝑇 ) and studying
⎧{{
⎨{{⎩

𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = 0
⋮

𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 1: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈) of 𝑮(𝑿) − 𝒗(0) = 0

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0) = 0 mod 𝑞(𝑈)

//* symbolic homotopy techniques

𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋯

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )
, 𝑮(𝑾 ) − 𝒗(𝑇 ) = 0 mod ⟨𝑇 𝛿, 𝑄(𝑈, 𝑇 )⟩ (𝛿 ∈ ℕ≥1)

In particular, 𝑄(𝑈, 0) = 𝑞(𝑈), 𝑊1(𝑈, 0) = 𝑤1(𝑈), … , 𝑊𝑛(𝑈, 0) = 𝑤𝑛(𝑈)
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 1: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈) of 𝑮(𝑿) − 𝒗(0) = 0

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0) = 0 mod 𝑞(𝑈)

//* symbolic homotopy techniques

Step 2: Lifting this univar. repr. to a representation

(𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 )),

upto degree 𝛿, for ”symbolic” variable 𝑇

𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋯

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )
, 𝑮(𝑾 ) − 𝒗(𝑇 ) = 0 mod ⟨𝑇 𝛿, 𝑄(𝑈, 𝑇 )⟩ (𝛿 ∈ ℕ≥1)

In particular, 𝑄(𝑈, 0) = 𝑞(𝑈), 𝑊1(𝑈, 0) = 𝑤1(𝑈), … , 𝑊𝑛(𝑈, 0) = 𝑤𝑛(𝑈)
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 1: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈) of 𝑮(𝑿) − 𝒗(0) = 0

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0) = 0 mod 𝑞(𝑈)

//* symbolic homotopy techniques

Step 2: Lifting this univar. repr. to a representation

(𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 )),

upto degree 𝛿, for ”symbolic” variable 𝑇

𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋯

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )
, 𝑮(𝑾 ) − 𝒗(𝑇 ) = 0 mod ⟨𝑇 𝛿, 𝑄(𝑈, 𝑇 )⟩ (𝛿 ∈ ℕ≥1)

In particular, 𝑄(𝑈, 0) = 𝑞(𝑈), 𝑊1(𝑈, 0) = 𝑤1(𝑈), … , 𝑊𝑛(𝑈, 0) = 𝑤𝑛(𝑈)
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 1: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈) of 𝑮(𝑿) − 𝒗(0) = 0

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0) = 0 mod 𝑞(𝑈)

Step 2 Lifting:

⋄ 𝜻 ∶= 𝑮(𝑿) − 𝒗(𝑇 )
⋄ 𝑾 ← 𝒘, 𝑄 ← 𝑞, 𝑘 ← 0, 𝐽 ← 𝜕𝑮

𝜕𝑿 //* Initialize

⋄ while 𝑘 < 𝛿 do: //* Update (𝑸, 𝑽 )
𝑾 ← 𝑾 − 𝐽(𝑾 )−1𝜻(𝑾 ) mod ⟨𝑇 𝑘, 𝑄⟩
𝛥 ← 𝜆(𝑾 ) − 𝑈 //* 𝜆: a linear form in 𝑿
𝑾 ← 𝑾 − ( 𝜕𝑾

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑄 ← 𝑄 − ( 𝜕𝑄

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑘 ← 2𝑘

⋄ end while
⋄ return (𝑄, 𝑾 )
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 1: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈) of 𝑮(𝑿) − 𝒗(0) = 0

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0) = 0 mod 𝑞(𝑈)

Step 2 Lifting:
⋄ 𝜻 ∶= 𝑮(𝑿) − 𝒗(𝑇 )
⋄ 𝑾 ← 𝒘, 𝑄 ← 𝑞, 𝑘 ← 0, 𝐽 ← 𝜕𝑮

𝜕𝑿 //* Initialize

⋄ while 𝑘 < 𝛿 do: //* Update (𝑸, 𝑽 )
𝑾 ← 𝑾 − 𝐽(𝑾 )−1𝜻(𝑾 ) mod ⟨𝑇 𝑘, 𝑄⟩
𝛥 ← 𝜆(𝑾 ) − 𝑈 //* 𝜆: a linear form in 𝑿
𝑾 ← 𝑾 − ( 𝜕𝑾

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑄 ← 𝑄 − ( 𝜕𝑄

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑘 ← 2𝑘

⋄ end while
⋄ return (𝑄, 𝑾 )
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 1: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈) of 𝑮(𝑿) − 𝒗(0) = 0

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0) = 0 mod 𝑞(𝑈)

Step 2 Lifting:
⋄ 𝜻 ∶= 𝑮(𝑿) − 𝒗(𝑇 )
⋄ 𝑾 ← 𝒘, 𝑄 ← 𝑞, 𝑘 ← 0, 𝐽 ← 𝜕𝑮

𝜕𝑿 //* Initialize

⋄ while 𝑘 < 𝛿 do: //* Update (𝑸, 𝑽 )
𝑾 ← 𝑾 − 𝐽(𝑾 )−1𝜻(𝑾 ) mod ⟨𝑇 𝑘, 𝑄⟩
𝛥 ← 𝜆(𝑾 ) − 𝑈 //* 𝜆: a linear form in 𝑿
𝑾 ← 𝑾 − ( 𝜕𝑾

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑄 ← 𝑄 − ( 𝜕𝑄

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑘 ← 2𝑘

⋄ end while
⋄ return (𝑄, 𝑾 )
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 1: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈) of 𝑮(𝑿) − 𝒗(0) = 0

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0) = 0 mod 𝑞(𝑈)

Step 2 Lifting:
⋄ 𝜻 ∶= 𝑮(𝑿) − 𝒗(𝑇 )
⋄ 𝑾 ← 𝒘, 𝑄 ← 𝑞, 𝑘 ← 0, 𝐽 ← 𝜕𝑮

𝜕𝑿 //* Initialize

⋄ while 𝑘 < 𝛿 do: //* Update (𝑸, 𝑽 )
𝑾 ← 𝑾 − 𝐽(𝑾 )−1𝜻(𝑾 ) mod ⟨𝑇 𝑘, 𝑄⟩
𝛥 ← 𝜆(𝑾 ) − 𝑈 //* 𝜆: a linear form in 𝑿
𝑾 ← 𝑾 − ( 𝜕𝑾

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑄 ← 𝑄 − ( 𝜕𝑄

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑘 ← 2𝑘

⋄ end while
⋄ return (𝑄, 𝑾 )

Requirement: Jacobian matrix 𝐽 of 𝑮 w.r.t 𝑿 is invertible at 𝒘 mod 𝑞(𝑈)
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 0: random shift 𝑇 ∶= 𝑇 +𝑠0, 𝑠0 ∈ ℚ
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 0: random shift 𝑇 ∶= 𝑇 +𝑠0, 𝑠0 ∈ ℚ

Step 1’: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈)

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0 + 𝑠0) = 0 mod 𝑞(𝑈)

Step 2: Lifting this univar. repr. to a representation

(𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 )),

upto degree 𝛿, for ”symbolic” variable 𝑇
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Solving: 𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Step 0: random shift 𝑇 ∶= 𝑇 +𝑠0, 𝑠0 ∈ ℚ

Step 1’: Computing a univar. repr. 𝑞(𝑈), 𝑤1(𝑈), … , 𝑤𝑛(𝑈)

𝑞(𝑈) = 0, 𝑥1 = 𝑤1(𝑈), … , 𝑥𝑛 = 𝑤𝑛(𝑈), 𝑮(𝒘) − 𝒗(0 + 𝑠0) = 0 mod 𝑞(𝑈)

Step 2: Lifting this univar. repr. to a representation

(𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 )),

upto degree 𝛿, for ”symbolic” variable 𝑇

Step 3: Shift back
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A summary - Roadmap to Solve: 𝑭 = 𝑯(𝑮) = 𝑯 ∘ 𝑮 = 0

Compute a univ. repr.
𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 ) of

⎧{{
⎨{{⎩

ℎ1(𝑦1, … , 𝑦𝑛) = 0
⋮

ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0
𝑂 (̃𝑛(𝐿ℎ + 𝑛2)𝐶 𝐸)

𝐶 = deg(ℎ1) ⋯ deg(ℎ𝑛)
𝐸 = (deg(ℎ1) + 1) ⋯ (deg(ℎ𝑛) + 1)

Compute a bivar. repr.
𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 ) of

⎧{{
⎨{{⎩

𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = 0
⋮

𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0
𝑂 (̃𝑛(𝐿𝑔 + 𝑛2)𝐷 𝐽)

𝐷 = deg(𝑔1) ⋯ deg(𝑔𝑛)
𝐽 = (deg(𝑔1) + 1) ⋯ (deg(𝑔𝑛) + 1)

⇝ bivariate representation of 𝑭 = 0: 𝑂 (̃𝑛(𝐿ℎ + 𝐿𝑔 + 𝑛2) max(𝐶 𝐸, 𝐷 𝐽))

𝑞ℎ(𝑇 ) = 0, 𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋮

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )
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A summary - Roadmap to Solve: 𝑭 = 𝑯(𝑮) = 𝑯 ∘ 𝑮 = 0
Compute a univ. repr.

𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 ) of
⎧{{
⎨{{⎩

ℎ1(𝑦1, … , 𝑦𝑛) = 0
⋮

ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0
𝑂 (̃𝑛(𝐿ℎ + 𝑛2)𝐶 𝐸)

𝐶 = deg(ℎ1) ⋯ deg(ℎ𝑛)
𝐸 = (deg(ℎ1) + 1) ⋯ (deg(ℎ𝑛) + 1)

Compute a bivar. repr.
𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 ) of

⎧{{
⎨{{⎩

𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = 0
⋮

𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0
𝑂 (̃𝑛(𝐿𝑔 + 𝑛2)𝐷 𝐽)

𝐷 = deg(𝑔1) ⋯ deg(𝑔𝑛)
𝐽 = (deg(𝑔1) + 1) ⋯ (deg(𝑔𝑛) + 1)

⇝ bivariate representation of 𝑭 = 0: 𝑂 (̃𝑛(𝐿ℎ + 𝐿𝑔 + 𝑛2) max(𝐶 𝐸, 𝐷 𝐽))

𝑞ℎ(𝑇 ) = 0, 𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋮

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )
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A summary - Roadmap to Solve: 𝑭 = 𝑯(𝑮) = 𝑯 ∘ 𝑮 = 0
Compute a univ. repr.

𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 ) of
⎧{{
⎨{{⎩

ℎ1(𝑦1, … , 𝑦𝑛) = 0
⋮

ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0
𝑂 (̃𝑛(𝐿ℎ + 𝑛2)𝐶 𝐸)

𝐶 = deg(ℎ1) ⋯ deg(ℎ𝑛)
𝐸 = (deg(ℎ1) + 1) ⋯ (deg(ℎ𝑛) + 1)

Compute a bivar. repr.
𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 ) of

⎧{{
⎨{{⎩

𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = 0
⋮

𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0
𝑂 (̃𝑛(𝐿𝑔 + 𝑛2)𝐷 𝐽)

𝐷 = deg(𝑔1) ⋯ deg(𝑔𝑛)
𝐽 = (deg(𝑔1) + 1) ⋯ (deg(𝑔𝑛) + 1)

⇝ bivariate representation of 𝑭 = 0: 𝑂 (̃𝑛(𝐿ℎ + 𝐿𝑔 + 𝑛2) max(𝐶 𝐸, 𝐷 𝐽))

𝑞ℎ(𝑇 ) = 0, 𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋮

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )
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A summary - Roadmap to Solve: 𝑭 = 𝑯(𝑮) = 𝑯 ∘ 𝑮 = 0
Compute a univ. repr.

𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 ) of
⎧{{
⎨{{⎩

ℎ1(𝑦1, … , 𝑦𝑛) = 0
⋮

ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0
𝑂 (̃𝑛(𝐿ℎ + 𝑛2)𝐶 𝐸)

𝐶 = deg(ℎ1) ⋯ deg(ℎ𝑛)
𝐸 = (deg(ℎ1) + 1) ⋯ (deg(ℎ𝑛) + 1)

Compute a bivar. repr.
𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), … , 𝑊𝑛(𝑈, 𝑇 ) of

⎧{{
⎨{{⎩

𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = 0
⋮

𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0
𝑂 (̃𝑛(𝐿𝑔 + 𝑛2)𝐷 𝐽)

𝐷 = deg(𝑔1) ⋯ deg(𝑔𝑛)
𝐽 = (deg(𝑔1) + 1) ⋯ (deg(𝑔𝑛) + 1)

⇝ bivariate representation of 𝑭 = 0: 𝑂 (̃𝑛(𝐿ℎ + 𝐿𝑔 + 𝑛2) max(𝐶 𝐸, 𝐷 𝐽))

𝑞ℎ(𝑇 ) = 0, 𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋮

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )
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⇝ bivariate representation of 𝑭 = 0: 𝑂 (̃𝑛(𝐿ℎ + 𝐿𝑔 + 𝑛2) max(𝐶 𝐸, 𝐷 𝐽))

𝑞ℎ(𝑇 ) = 0, 𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋮

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )

⇝ find a univariate representation (𝛤(𝑆), 𝛾1(𝑆), … , 𝛾𝑛(𝑆)) of 𝑭 = 0?

𝑂 (̃𝐶𝐷)

⋄ compute a univ. repr. (𝛤(𝑆), 𝜉(𝑆), 𝜏(𝑆)) of 𝑞ℎ(𝑇 ) = 𝑄(𝑈, 𝑇 ) = 0, i.e.,

𝛤(𝑆) = 0, {𝑈 = 𝜉(𝑆)
𝑇 = 𝜏(𝑆)

⋄ 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)), … , 𝛾𝑛(𝑆) = 𝑊𝑛(𝜉(𝑆), 𝜏(𝑆))
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⇝ bivariate representation of 𝑭 = 0: 𝑂 (̃𝑛(𝐿ℎ + 𝐿𝑔 + 𝑛2) max(𝐶 𝐸, 𝐷 𝐽))

𝑞ℎ(𝑇 ) = 0, 𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑊1(𝑈, 𝑇 )
⋮

𝑥𝑛 = 𝑊𝑛(𝑈, 𝑇 )

⇝ find a univariate representation (𝛤(𝑆), 𝛾1(𝑆), … , 𝛾𝑛(𝑆)) of 𝑭 = 0? 𝑂 (̃𝐶𝐷)

⋄ compute a univ. repr. (𝛤(𝑆), 𝜉(𝑆), 𝜏(𝑆)) of 𝑞ℎ(𝑇 ) = 𝑄(𝑈, 𝑇 ) = 0, i.e.,

𝛤(𝑆) = 0, {𝑈 = 𝜉(𝑆)
𝑇 = 𝜏(𝑆)

⋄ 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)), … , 𝛾𝑛(𝑆) = 𝑊𝑛(𝜉(𝑆), 𝜏(𝑆))
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An example 𝑓1 = ℎ1(𝑔1, 𝑔2) and 𝑓2 = ℎ2(𝑔1, 𝑔2)

Solve 𝐹 = 𝐻 ∘ 𝐺:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

System 𝐻:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

System 𝐺:

{𝑔1 = 𝑥1 + 𝑥2 − 1
𝑔2 = 𝑥1𝑥2

⋄ a univariate repr. of ℎ1 = ℎ2 = 0:
𝑞ℎ(𝑇 ) = 𝑇 2 + 𝑇 , 𝑣1(𝑇 ) = 𝑇 + 1, 𝑣2(𝑇 ) = 𝑇

⋄ a bivariate repr. of 𝑔1(𝑥1, 𝑥2) − 𝑣1(𝑇 ) = 𝑔2(𝑥1, 𝑥2) − 𝑣2(𝑇 ) = 0:
𝑄(𝑈, 𝑇 ) = 𝑈2 − (4𝑇 + 4)𝑈 + (3𝑇 2 + 10𝑇 + 3)

𝑊1(𝑈, 𝑇 ) = 3
2 − 𝑈

2 + 3𝑇
2 , and 𝑊2(𝑈, 𝑇 ) = − 1

2 + 𝑈
2 − 𝑇

2

⋄ (𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), 𝑊2(𝑈, 𝑇 )) is a bivariate repr. of 𝑭 = 0
⋄ a univariate repr. of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0:

𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12
𝜉(𝑆) = 𝑆, 𝜏(𝑆) = 4

15 𝑆3 − 9
15 𝑆2 − 16

15 𝑆 − 21
15

⋄ a univariate repr. of 𝑓1 = 𝑓2 = 0:
𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12, 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)) = 2

5 𝑆3 − 9
10 𝑆2 − 21

10 𝑆 + 18
5 , and

𝛾2(𝑆) = 𝑊2(𝜉(𝑆), 𝜏(𝑆)) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5
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An example 𝑓1 = ℎ1(𝑔1, 𝑔2) and 𝑓2 = ℎ2(𝑔1, 𝑔2)

Solve 𝐹 = 𝐻 ∘ 𝐺:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

System 𝐻:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

System 𝐺:

{𝑔1 = 𝑥1 + 𝑥2 − 1
𝑔2 = 𝑥1𝑥2

⋄ a univariate repr. of ℎ1 = ℎ2 = 0:
𝑞ℎ(𝑇 ) = 𝑇 2 + 𝑇 , 𝑣1(𝑇 ) = 𝑇 + 1, 𝑣2(𝑇 ) = 𝑇

⋄ a bivariate repr. of 𝑔1(𝑥1, 𝑥2) − 𝑣1(𝑇 ) = 𝑔2(𝑥1, 𝑥2) − 𝑣2(𝑇 ) = 0:
𝑄(𝑈, 𝑇 ) = 𝑈2 − (4𝑇 + 4)𝑈 + (3𝑇 2 + 10𝑇 + 3)

𝑊1(𝑈, 𝑇 ) = 3
2 − 𝑈

2 + 3𝑇
2 , and 𝑊2(𝑈, 𝑇 ) = − 1

2 + 𝑈
2 − 𝑇

2

⋄ (𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), 𝑊2(𝑈, 𝑇 )) is a bivariate repr. of 𝑭 = 0
⋄ a univariate repr. of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0:

𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12
𝜉(𝑆) = 𝑆, 𝜏(𝑆) = 4

15 𝑆3 − 9
15 𝑆2 − 16

15 𝑆 − 21
15

⋄ a univariate repr. of 𝑓1 = 𝑓2 = 0:
𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12, 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)) = 2

5 𝑆3 − 9
10 𝑆2 − 21

10 𝑆 + 18
5 , and

𝛾2(𝑆) = 𝑊2(𝜉(𝑆), 𝜏(𝑆)) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5
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An example 𝑓1 = ℎ1(𝑔1, 𝑔2) and 𝑓2 = ℎ2(𝑔1, 𝑔2)

Solve 𝐹 = 𝐻 ∘ 𝐺:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

System 𝐻:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

System 𝐺:

{𝑔1 = 𝑥1 + 𝑥2 − 1
𝑔2 = 𝑥1𝑥2

⋄ a univariate repr. of ℎ1 = ℎ2 = 0:
𝑞ℎ(𝑇 ) = 𝑇 2 + 𝑇 , 𝑣1(𝑇 ) = 𝑇 + 1, 𝑣2(𝑇 ) = 𝑇

⋄ a bivariate repr. of 𝑔1(𝑥1, 𝑥2) − 𝑣1(𝑇 ) = 𝑔2(𝑥1, 𝑥2) − 𝑣2(𝑇 ) = 0:
𝑄(𝑈, 𝑇 ) = 𝑈2 − (4𝑇 + 4)𝑈 + (3𝑇 2 + 10𝑇 + 3)

𝑊1(𝑈, 𝑇 ) = 3
2 − 𝑈

2 + 3𝑇
2 , and 𝑊2(𝑈, 𝑇 ) = − 1

2 + 𝑈
2 − 𝑇

2

⋄ (𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), 𝑊2(𝑈, 𝑇 )) is a bivariate repr. of 𝑭 = 0
⋄ a univariate repr. of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0:

𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12
𝜉(𝑆) = 𝑆, 𝜏(𝑆) = 4

15 𝑆3 − 9
15 𝑆2 − 16

15 𝑆 − 21
15

⋄ a univariate repr. of 𝑓1 = 𝑓2 = 0:
𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12, 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)) = 2

5 𝑆3 − 9
10 𝑆2 − 21

10 𝑆 + 18
5 , and

𝛾2(𝑆) = 𝑊2(𝜉(𝑆), 𝜏(𝑆)) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5
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An example 𝑓1 = ℎ1(𝑔1, 𝑔2) and 𝑓2 = ℎ2(𝑔1, 𝑔2)

Solve 𝐹 = 𝐻 ∘ 𝐺:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

System 𝐻:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

System 𝐺:

{𝑔1 = 𝑥1 + 𝑥2 − 1
𝑔2 = 𝑥1𝑥2

⋄ a univariate repr. of ℎ1 = ℎ2 = 0:
𝑞ℎ(𝑇 ) = 𝑇 2 + 𝑇 , 𝑣1(𝑇 ) = 𝑇 + 1, 𝑣2(𝑇 ) = 𝑇

⋄ a bivariate repr. of 𝑔1(𝑥1, 𝑥2) − 𝑣1(𝑇 ) = 𝑔2(𝑥1, 𝑥2) − 𝑣2(𝑇 ) = 0:
𝑄(𝑈, 𝑇 ) = 𝑈2 − (4𝑇 + 4)𝑈 + (3𝑇 2 + 10𝑇 + 3)

𝑊1(𝑈, 𝑇 ) = 3
2 − 𝑈

2 + 3𝑇
2 , and 𝑊2(𝑈, 𝑇 ) = − 1

2 + 𝑈
2 − 𝑇

2

⋄ (𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), 𝑊2(𝑈, 𝑇 )) is a bivariate repr. of 𝑭 = 0

⋄ a univariate repr. of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0:
𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12

𝜉(𝑆) = 𝑆, 𝜏(𝑆) = 4
15 𝑆3 − 9

15 𝑆2 − 16
15 𝑆 − 21

15

⋄ a univariate repr. of 𝑓1 = 𝑓2 = 0:
𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12, 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)) = 2

5 𝑆3 − 9
10 𝑆2 − 21

10 𝑆 + 18
5 , and

𝛾2(𝑆) = 𝑊2(𝜉(𝑆), 𝜏(𝑆)) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5
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An example 𝑓1 = ℎ1(𝑔1, 𝑔2) and 𝑓2 = ℎ2(𝑔1, 𝑔2)

Solve 𝐹 = 𝐻 ∘ 𝐺:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

System 𝐻:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

System 𝐺:

{𝑔1 = 𝑥1 + 𝑥2 − 1
𝑔2 = 𝑥1𝑥2

⋄ a univariate repr. of ℎ1 = ℎ2 = 0:
𝑞ℎ(𝑇 ) = 𝑇 2 + 𝑇 , 𝑣1(𝑇 ) = 𝑇 + 1, 𝑣2(𝑇 ) = 𝑇

⋄ a bivariate repr. of 𝑔1(𝑥1, 𝑥2) − 𝑣1(𝑇 ) = 𝑔2(𝑥1, 𝑥2) − 𝑣2(𝑇 ) = 0:
𝑄(𝑈, 𝑇 ) = 𝑈2 − (4𝑇 + 4)𝑈 + (3𝑇 2 + 10𝑇 + 3)

𝑊1(𝑈, 𝑇 ) = 3
2 − 𝑈

2 + 3𝑇
2 , and 𝑊2(𝑈, 𝑇 ) = − 1

2 + 𝑈
2 − 𝑇

2

⋄ (𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), 𝑊2(𝑈, 𝑇 )) is a bivariate repr. of 𝑭 = 0
⋄ a univariate repr. of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0:

𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12
𝜉(𝑆) = 𝑆, 𝜏(𝑆) = 4

15 𝑆3 − 9
15 𝑆2 − 16

15 𝑆 − 21
15

⋄ a univariate repr. of 𝑓1 = 𝑓2 = 0:
𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12, 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)) = 2

5 𝑆3 − 9
10 𝑆2 − 21

10 𝑆 + 18
5 , and

𝛾2(𝑆) = 𝑊2(𝜉(𝑆), 𝜏(𝑆)) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5
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An example 𝑓1 = ℎ1(𝑔1, 𝑔2) and 𝑓2 = ℎ2(𝑔1, 𝑔2)

Solve 𝐹 = 𝐻 ∘ 𝐺:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

System 𝐻:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

System 𝐺:

{𝑔1 = 𝑥1 + 𝑥2 − 1
𝑔2 = 𝑥1𝑥2

⋄ a univariate repr. of ℎ1 = ℎ2 = 0:
𝑞ℎ(𝑇 ) = 𝑇 2 + 𝑇 , 𝑣1(𝑇 ) = 𝑇 + 1, 𝑣2(𝑇 ) = 𝑇

⋄ a bivariate repr. of 𝑔1(𝑥1, 𝑥2) − 𝑣1(𝑇 ) = 𝑔2(𝑥1, 𝑥2) − 𝑣2(𝑇 ) = 0:
𝑄(𝑈, 𝑇 ) = 𝑈2 − (4𝑇 + 4)𝑈 + (3𝑇 2 + 10𝑇 + 3)

𝑊1(𝑈, 𝑇 ) = 3
2 − 𝑈

2 + 3𝑇
2 , and 𝑊2(𝑈, 𝑇 ) = − 1

2 + 𝑈
2 − 𝑇

2

⋄ (𝑄(𝑈, 𝑇 ), 𝑊1(𝑈, 𝑇 ), 𝑊2(𝑈, 𝑇 )) is a bivariate repr. of 𝑭 = 0
⋄ a univariate repr. of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0:

𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12
𝜉(𝑆) = 𝑆, 𝜏(𝑆) = 4

15 𝑆3 − 9
15 𝑆2 − 16

15 𝑆 − 21
15

⋄ a univariate repr. of 𝑓1 = 𝑓2 = 0:
𝛤(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12, 𝛾1(𝑆) = 𝑊1(𝜉(𝑆), 𝜏(𝑆)) = 2

5 𝑆3 − 9
10 𝑆2 − 21

10 𝑆 + 18
5 , and

𝛾2(𝑆) = 𝑊2(𝜉(𝑆), 𝜏(𝑆)) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5
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Summary and Todo List

Done: a polynomial time (in the sizes of the input and the output) algorithm to
compute a zero-dimensional parametrization of a system composable polynomials

𝑓1 = ℎ1(𝑔1, … , 𝑔𝑛), … , 𝑓𝑛 = ℎ𝑛(𝑔1, … , 𝑔𝑛)

Todo:

⋄ exploiting the sparsity

⋄ real solutions (emptiness, connectivity of real algebraic sets, …)

⋄ functional decomposition of polynomials
⋄ [Giesbrecht et al, ISSAC 2026 ] for univariate sparse polynomials (Mark’s talk

this afternoon)

⋄ implementations
⋄ use Straight-Line Programs (a recent developed library by [van der Hoeven

and Lecerf, 2026])
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