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Symbolic computation, also known as computer algebra, is the art of manipulating and computing exactly
with mathematical objects. It enables the expression and exact solution of mathematical problems using vari-
ables, formulas, and symbols (e.g., π, +∞, and T2 − 2 to represent

p
2), as well as mathematical functions.

Symbolic computation provides infinite precision, avoiding catastrophic cancellations that can lead to inaccu-
racies in finite precision. As a result, highly accurate results are obtained. When mathematical objects possess
some algebraic structures, symbolic computation becomes a preferred methodology, allowing for the exploita-
tion of algebraic patterns and properties. Hence, symbolic computation is a key technology for solving many
difficult mathematical problems, among which polynomial systems appear frequently.

I. Context and Objectives of the Thesis

Decomposable polynomials, that is, polynomials that can be expressed as a composition of lower-degree poly-
nomials, constitute a fundamental topic in computational algebra with several important applications. These
include cryptography (see, e.g., [27, 16, 15, 12]), control theory and system identification [14], computer aided
geometry [9], signal processing [33], as well as the analysis and reduction of differential equations (cf. [26] and
references therein).

Precisely, a polynomial f ∈K[x1, . . . , xn] is called decomposable if there exist polynomial g ∈K[y1, . . . , ym],
where (y1, . . . , ym) is a set of new variables, and polynomials H = (h1, . . . ,hm) ∈K[x1, . . . , xn] such that

f (x1, . . . , xn)= g
(
h1(x1, . . . , xn), . . . ,hm(x1, . . . , xn)

)
. (1)

A sequence of polynomials F = ( f1, . . . , fs) is called decomposable if each of polynomial f i is decomposable.
In this case, we write F =G(H)=G ◦H.

The aim of this PhD is to investigate several fundamental problems related to decomposable polynomi-
als, including their detection, the computation of explicit decompositions, and the solution of decompos-
able polynomial systems over a given field, together with applications in areas such as rel algebraic ge-
ometry and optimization
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The Polynomial Decomposition Problem (PDP), known to be NP-hard [11, 35], asks: given a polynomial f , do
there exist polynomials h1, . . . ,hm and a polynomial g such that g 6= f , deg(g)≤ deg( f ), and (1) holds, and if
so, how can such a decomposition be computed? Despite its importance, the PDP remains poorly understood
in the multivariate setting, and efficient algorithms are known only in restricted cases. In contrast, the univari-
ate functional decomposition problem is well understood; polynomial-time algorithms based on factorization
in composition algebras are known [21, 1] and are implemented in major computer algebra systems (for e.g.,
the compoly function in Maple). In the multivariate case, however, algorithms are currently known only for
homogeneous polynomials of the same degree [16], leaving the general PDP open.

Another fundamental problem in computational algebraic geometry and computer algebra is polynomial sys-
tem solving (PSS). Polynomial systems arise in a wide range of symbolic and scientific applications, including
robotics, geometric modeling, signal processing, cryptology, and structural molecular biology. In general, PSS
is computationally difficult and is known to be NP-hard [17]. The difficulty frequently encountered in the exact
manipulation of mathematical objects is the overhead coming from huge algebraic data, with considerable ef-
fort being devoted to finding efficient algorithms. One promising strategy to mitigate this effect is to exploit
hidden algebraic structures in the system, such as decomposability, in order to reduce complexity and accelerate
computations. However, relatively little work has been devoted to systematically exploiting decomposability
to obtain faster algorithms.

II. Work Plan

The PhD project will span 36 months, structured as the following.

a. Theoretical Foundations & Decomposition Algorithms

Develop rigorous theoretical and algorithmic foundations for detecting, computing, and exploiting decompo-
sitions of multivariate polynomial maps through exact and hybrid symbolic-numeric approaches.

Detecting Decomposability. Investigate decomposability certificates by studying matrix factorizations of the
Jacobian JF (a)= P(a) ·Q(a) for points a ∈Kn using hybrid symbolic-numeric techniques. In parallel, analyze
the imprimitivities of monodromy groups of branched covers to characterize underlying compositional struc-
tures. Recently, in [13], the authors used monodromy to recover symmetries of polynomial systems, which can
be viewed as a particular case of decomposable structures.

Computing Explicit Decompositions. A standard and robust strategy to compute a decomposition G ◦ H,
when it exists, is to first determine H and then recover G. The recent work of T. X. Vu [36] provides a solution
for a particular case of the second step. Specifically, when H = (h1, . . . ,hn) consists of n algebraically indepen-
dent polynomials, recovering the outer map G is fully solved. The general case, however, for arbitrary inner
polynomials H = (h1, . . . ,hm), remains open. In this thesis, we will develop a differential approach to func-
tional decomposition based on derivative modules DF = span{ ∂F

∂x1
, . . . , ∂F

∂xn
}. Identify integrable generators

satisfying ∂wi
∂x j

= ∂w j
∂xi

to reconstruct the hidden inner map H, extending existing techniques to general multi-
variate maps.

Solving Decomposable Systems (DPSS). Design symbolic and numerical continuation frameworks to solve
F(x) = (G ◦ H)(x) = 0. Two approaches will be considered in this project: either solving in two steps (outer
solving step for G, and lifting step for H), or solving F = 0 in a single step, but exploiting the knowledge of the
decomposition F =G ◦H. To investigate these approaches, we propose to use homotopy continuation methods.

• Symbolic Homotopy: We will exploit the decomposable structure F =G◦H to design symbolic homotopy
algorithms for computing parametrizations of the solution set, with both arithmetic and bit-complexity
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analyses. We will investigate two complementary approaches. First, we solve the outer system G(y)= 0
and then lift its solutions through H(x) = y using Newton–Hensel lifting [18, 36, 37]. Second, we solve
F directly while exploiting its compositional structure, studying the geometry of the supports and the
resulting mixed volumes to obtain sharp solution bounds and suitable starting systems.

• Numerical Homotopy: For a decomposable system F =G ◦H, the Jacobian factorizes as

JF (a)= JG(H(a)), JH(a),

which can be exploited to design more efficient predictor-corrector methods. We will adapt existing nu-
merical approaches [6, 7, 3, 23], investigating Newton corrections based on either the full Jacobian or
its two factors. We will also develop appropriate condition numbers and complexity bounds for these
methods.

• Validated Symbolic-Numeric Homotopy: Validated numerics [25, 34, 32, 4] combines the efficiency of floating-
point computation with rigorous guarantees by enclosing exact solutions in certified intervals. We aim
to develop validated numerical homotopy methods for decomposable systems. Building on recent ap-
proaches based on Krawczyk’s method [20] and validated Newton–Puiseux techniques for singularities
[5], we aim to address the multiple roots and singularities that naturally arise in decomposable systems.
A key objective is to combine structural information on singularities with validated numerical methods,
while deriving explicit bounds on the required floating-point precision and, ultimately, a complete bit-
complexity analysis.

b. Applications to Demanding Problems

Apply the algorithms developed in Section a to accelerate performance in polynomial optimization and real
algebraic geometry.

Polynomial Optimization. Polynomial optimization problems (POPs) provide a flexible framework for mod-
eling nonlinear systems but are, in general, NP-hard. The Moment-SOS approach of Lasserre [24] solves POPs
through a hierarchy of semidefinite relaxations, but the resulting SDPs grow rapidly with the number of vari-
ables and typically provide only approximate certificates. Structural properties can significantly reduce this
complexity [31, 38].

This part will investigate how decomposable structures can be exploited to construct smaller primal-dual
relaxations and improve the scalability and numerical stability of polynomial optimization. We will also de-
velop hybrid symbolic-numeric methods combining efficient first-order SDP solvers with Newton/homotopy
techniques, with the goal of computing high-precision and ultimately exact certificates for global optima.

Real Algebraic Geometry. Real algebraic geometry involves computationally demanding problems such as
deciding the existence of real solutions, computing sample points, and determining connectivity of semi-algebraic
sets. Classical approaches, including cylindrical algebraic decomposition and critical-point methods, have been
progressively improved to achieve singly exponential complexity in the number of variables [10, 19, 28, 8, 2].
Recent work has shown that exploiting structural properties such as symmetry can significantly improve these
bounds [22, 29, 30].

In this part of the thesis, we will investigate how decomposable structures F = G ◦ H can similarly be ex-
ploited to accelerate algorithms for real root detection and connectivity. The key idea is to analyze the geome-
try of the outer system G and lift its solutions through the inner map H, thereby reducing computational costs
and enabling the treatment of larger, structured instances.
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c. Implementation, Software, and Reproducibility

We will develop an open-source software platform enabling researchers to experiment with decomposition-
based methods and reproduce the project’s results. Open-source software libraries interfaced with Julia1 and
Maple2, together with documentation, tutorials, and benchmark datasets. Implementations will combine the
strengths of Julia for high-performance numerical algebraic geometry, Maple for symbolic computation and
certification, and msolve3 for efficient solving of zero-dimensional polynomial systems.

III. Supervision Team and PhD Candidate

This research proposal is supported by guaranteed Ph.D. funding as part of the ANR JCJC project ANR-26-CE48-
6773-01 – DECOMPASS. The Ph.D. thesis will be carried out within the CFHP (Computer Algebra and HPC) team
at the CRIStAL research unit, Université de Lille, France.

The thesis will be primarily supervised by Thi Xuan Vu(Université de Lille / CRIStAL, France), in collaboration
with Florent Bréhard(CNRS, France) and Josué Tonelli-Cueto(CUNEF Universidad, Spain), whose complemen-
tary expertise covers symbolic computation, validated numerics, and numerical complexity.

• Thi Xuan Vu works on solving multivariate polynomial systems using symbolic homotopy techniques,
exploiting structural properties to design faster algorithms, and computational real algebraic geometry.

• Florent Bréhard works at the intersection of computer algebra, validated numerics, and formal proof,
with the goal of combining the efficiency of floating-point computation with rigorous guarantees.

• Josué Tonelli-Cueto focuses on the design and analysis of numerical methods for nonlinear problems,
using condition numbers, algebraic geometry, and probability to develop theoretical complexity guar-
antees.

Student required skills. A background in algebra, algorithms, and/or numerical analysis, as well as basic pro-
gramming skills, would be useful but is not mandatory. An interest in computational mathematics and com-
puter algebra is expected.
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